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Optical significance 

of PSD data



Outline

1. Relation between height error PSD and encircled energy

2. Relation between slope error PSD and PSF widening

3. Some consequences

applicable to surface specification

applicable to optical simulations

(The relationship between local curvatures and out of focus 
striation contrast will not be studied here)

2



Phase fluctuations and scattered light

• Theorem:
If the wavefront phase fluctuations 𝜑 𝑥, 𝑦 coming from surface 
imperfections can be described by a gaussian random process, 
and 𝜑 𝑥, 𝑦 ≪ π ,
then the light intensity propagating in the specular direction is reduced 

by a factor 𝑒−𝜎𝜑
2

, which only depends on the phase variance

Bennett, H. E. & Porteus, J. O. (1961), 'Relation Between Surface Roughness and Specular Reflectance at 
Normal Incidence', J. Opt. Soc. Am. 51(2), 123--129.
Davies, H. (1954), 'The reflection of electromagnetic waves from a rough surface', Proceedings of the IEE - Part 
IV: Institution Monographs 101(7), 209--214.

•
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Frequency analysis of  surface imperfections

• Height PSD  (1D) ≔
1

𝐿
𝐹𝑇 ℎ 𝑥 2 =

1

𝐿
ℎ׬ 𝑥 𝑒𝑖2𝜋𝑓𝑥 𝑑𝑥

2

or 
1

𝑆
ℎ׭ 𝑥, 𝑦 𝑒𝑖2𝜋𝑓𝑥 𝑑𝑥 𝑑𝑦

2

• Since ׬ℎ2 𝑥 dx = ׬ ෠ℎ2 𝑓 𝑑𝑓 ,

the PSD can be understood as the density of height variance per unit 
bandpass

• The contribution to the height variance of a limited frequency range is:

𝜎1,2
2 = න

𝑓1

𝑓2

𝑃𝑆𝐷 𝑓 𝑑𝑓
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Case of reflection under grazing incidence α

• Phase and height fluctuations are proportional

𝜑 𝑥 = 4𝜋
sin 𝛼

𝜆
h 𝑥

and a given frequency f scatters light 

in directions 𝜃 = ±
𝜆

sin 𝛼
𝑓

• High frequency surface errors ( 𝑓 > 𝑓0)
satisfy Bennett’s conditions, 

and scatter outside 𝜃0 = ±
𝜆

sin 𝛼
𝑓0

• We can evaluate the “encircled” energy
in the interval −𝜃0, 𝜃0 as

• 𝐶 𝜃0 = 𝑒𝑥𝑝 − 4𝜋
sin 𝛼

𝜆

2

𝑓0׬
∞
𝑃𝑆𝐷 𝑓 𝑑𝑓

with 𝑓0=
sin 𝛼

𝜆
𝜃0 5



Evaluation of the encircled energy

• The wavelength factor 
𝜆

sin 𝛼
doesn’t vary much from soft to hard X-rays.

It ranges from e.g. 50 nm @ (1 keV,  α=1.5°) to  15 nm @ (30 keV,  α=3 mrd)
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Encircled energy computed for  
𝜆

sin 𝛼
=20 nm

• The diagram enables to evaluate the 
frequency range contributing to the 
PSF e.g. C(f) >0.98

• Care must be taken to integrate far 
enough in frequency 
especially when the fractal 
exponent is close to 1 since 

න
𝑓0

∞

𝑎
𝑓

𝑓0

−𝑠

𝑑𝑓 =
𝑎𝑓0
𝑠 − 1



Moments of the PSF

• Assume a wavefront defined  inside the optics aperture by 
a phase error function 𝜑(𝑥), and an illumination amplitude A(x),
both functions being real

• The PSF intensity is given by: 𝐼 𝜃 = 𝐴(𝑥)׬ 𝑒𝑖𝜑 𝑥 𝑒𝑖𝑘𝜃𝑥 𝑑𝑥
2

𝐼 𝜃 = ඵ𝐴 𝑥 𝐴 𝑥′ 𝑒𝑖 𝜑 𝑥 −𝜑 𝑥′ 𝑒𝑖𝑘𝜃 𝑥−𝑥′ 𝑑𝑥 𝑑𝑥′

• Assuming the illumination is normalised i.e. ׬ 𝐼 𝜃 𝑑𝜃= 𝐴2׬ 𝑥 𝑑𝑥 = 1
the moments of the PSF are given by:

• 𝑀𝑛 = 𝜃𝑛𝐼׬ 𝜃 𝑑𝜃 𝐴׭= 𝑥 𝐴 𝑥′ 𝑒𝑖 𝜑 𝑥 −𝜑 𝑥′ 𝜃𝑛𝑒𝑖𝑘𝜃׬ 𝑥−𝑥′ 𝑑𝜃 𝑑𝑥 𝑑𝑥′

𝑀𝑛 =ඵ𝐴 𝑥 𝐴 𝑥′ 𝑒𝑖 𝜑 𝑥 −𝜑 𝑥′
1

𝑖𝑘

𝑛
𝑑𝑛𝛿 𝑥 − 𝑥′

𝑑𝑥𝑛
𝑑𝑥 𝑑𝑥′

𝑀𝑛 =
1

𝑖𝑘

𝑛

න
𝑑𝑛

𝑑𝑥𝑛
𝐴(𝑥) 𝑒𝑖𝜑 𝑥 𝐴(𝑥) 𝑒−𝑖𝜑 𝑥 𝑑𝑥

7



M1: Position of the centroid

• 𝑀1 = 𝜃0 =
1

𝑖𝑘
׬ 𝐴′ 𝑥 𝑒𝑖𝜑 𝑥 + 𝑖𝜑′ 𝑥 𝐴 𝑥 𝑒𝑖𝜑 𝑥 𝐴 𝑥 𝑒−𝑖𝜑 𝑥 𝑑𝑥

𝜃0 =
1

𝑖𝑘
׬ 𝐴𝐴′ + 𝑖𝜑′𝐴2 𝑑𝑥

• and since 𝐴2 𝑥 = 𝐼 𝑥 = 0 outside the aperture

𝜃0 =
1

𝑘
න 𝐼 𝑥 𝜑′ 𝑥 𝑑𝑥 = 2 න 𝐼𝑆 𝑥𝑆 ℎ′ 𝑥𝑆 𝑑𝑥𝑆
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M2: RMS width of the PSF

• 𝑀2 =
−1

𝑘2
׬ 𝐴′′ + 𝑖 2𝜑′𝐴′ + 𝜑′′𝐴 − 𝜑′2𝐴 𝐴 𝑑𝑥

Obviously    2׬𝜑′𝐴𝐴′ + 𝜑′′𝐴2 𝑑𝑥 = 𝑑׬ 𝜑′𝐴2 = 0

𝑀2 =
1

𝑘2
න 𝜑′2𝐴2 − 𝐴′′𝐴 𝑑𝑥

• 𝑊𝑃𝑆𝐹
2 = 𝑊𝜑

2 +𝑊𝐴
2 with

𝑊𝜑
2= 

1

𝑘2
׬ 𝐼 𝑥 𝜑′2 𝑥 𝑑𝑥 − 𝜃0

2= 4 ׬ 𝐼𝑆 𝑥𝑆 ℎ′2 𝑥𝑆 𝑑𝑥𝑆 − 𝜃0
2

𝑊𝐴
2 =

−1

𝑘2
′′𝐴׬ 𝑥 𝐴 𝑥 𝑑𝑥= 

1

𝑘2
׬ 𝐴′2 𝑥 𝑑𝑥 − 𝐴′𝐴 −∞

∞ =
𝜆2

4𝜋2
׬ 𝐴𝑆

′2 𝑥𝑆 𝑑𝑥𝑆

• 𝑊𝜑 is the PSF widening with respect to the perfect illumination 

it is simply given by the slope error standard deviation weighted by 
the normalized intensity distribution.
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Evaluation of the RMS slope 

10

• RMS slope can be evaluated with the 
cumulated slope PSD

• But the integral of slope PSD is 
divergent (fractal exponents > -3)

• High frequency scattered light extend 
very far but carry almost no energy

• The encircled energy curve gives a 
reasonable upper integration limit



Consequences on specification/acceptation

• For multiple reflections

– The specular reflection attenuation factor is  𝑒𝑥𝑝 −σ𝜎𝜑,𝑖
2

– This is also true for multilayer with an effective number of internal reflections 
(which must take into account in-depth attenuation of the EM field inside the stack)

– Contributions of individual surfaces to the RMS PSD width are also additive

• Given a criterion of total encircled energy,  and provided models of 
typical PSD are known, limits can be given

– to the high frequency height errors contribution

– to the low frequency slope errors

– together with an estimate of the low/high frequency transition
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Consequences on optical simulations

• Optical simulations are not directly concerned by high frequency errors

– they simply create a diffuse background

• The low/high transition frequency is primarily important

– To define the sampling of a surface deformation model

• In all cases, a PSD database of various surface shape and origin is highly 
desirable

– It must include high enough frequencies (encircled energy)

12


